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Abstract. In this we paper we prove several new identities of the 
Rogers- Ramamij an type. These identities were found as the result of 
a computer search. The proofs involve a variety of techniques, including 
constant-term methods, a theorem of Watson on basic hypergeometric 
series and the method of g-difference equations. 

We briefly consider some related partition identities related to two of 
these identities. 



The most famous of the "series = product" identities are the Rogers- 
Ramanujan identities: 



These identities have a curious history (^Sj, p. 28). They were first proved 
by L.J. Rogers in 1894 ([20]) in a paper that was completely ignored. They 
were rediscovered (without proof) by Ramanujan sometime before 1913. In 
1917, Ramanujan rediscovered Roger's paper. Also in 1917, these identities 
were rediscovered and proved independently by Issai Schur (J22|). There are 
now many different proofs. 

There are numerous identities that are similar to the Roger s-Ramanuj an 
identities. These include identities by Jackson ^0], Rogers (2H] and [21] and 
Bailey and jHj. Of special note is Slater's 1952 paper [22], which contains 
a list of 130 such identities, many of them new (see the paper of Sills |23j . 
for a corrected and annotated version of Slater's list). There are also other 
identities of Rogers-Ramanujan type in the literature. 
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1. INTRODUCTION 



(1.1) 




n=0 



j=0 



1 



2 



DOUGLAS BOWMAN AND JAMES MC LAUGHLIN 



In this present paper we prove several new identities, found through a 
computer search. We use various methods to prove these identities, including 
constant-term results (similar those used by Andrews in [2]), a theorem of 
Watson on basic hyper geometric series which transforms an 8^7 into a 4^3, 
and the method of g-difference equations. 

Two identities on Slater's list, numbers 34 and 36, can be stated as follows: 

A <f 2+2 "(-g;g 2 ) w 1 

f- n (<7 2 ; Q 2 )n (q 3 ; q 8 U(q 4 ; q 8 )oo(q 5 ; q 8 )oo ' 



E 

n=0 



q n (-q;q 2 )n = i 

{q 2 -,q 2 )n " (q;q 8 )oo(q A ;q 8 )oo(q 7 ;q 8 )c 



These identities became better known when they were given partition inter- 
pretations by Gollnitz |13| and, independently, by Gordon |14j . Our inves- 
tigations turned up a companion identity. Our identity is the following: 

00 „n 2 +n( n 2\ 1 

\ -> q y—q, q m i 

^ (q 2 \q 2 )n ~ {q 2 ;q 8 )oo{q 3 \q 8 )oo(q 7 ]q 8 )oc' 

We first thought this identity was new as we had not seen it explicitly 
in print, but Andrew Sills pointed out that it follows as a special case of 
Corollary 2.7 on page 21 of 1 j. Sills also drew our attention to another 
companion identity, 

j^ q n 2 +n { _ 1/q . q 2 )n _ ! 



(i {q 2 ]q 2 )n " {q■,q 8 )oc{q 5 ■,q 8 )oo(q 6 ■,q 8 )oo , 

This identity also follows as a special case of Corollary 2.7 on page 21 of PQ. 

As with the Gollnitz-Gordon identities, the analytic identities above also 
have interpretations in terms of partitions. 

Theorem 0] The number of partitions of any positive integer n into parts 
= 2,3 or 7( mod 8) is equal to the number of partitions of the form 

n = m + n 2 + . . . n k , 

where rii > n,+i + 2, and rij > + 3, if n\ is odd (1 < i < k — 1), and 
n k > 2. 

Theorem |3 The number of partitions of any positive integer n into parts 
= 1,5 or 6( mod 8) is equal to the number of partitions of the form 

n = rii + n 2 + . . . n k , 

where rii > n i+i + 2, and ni > rij + i + 3, if is odd (1 < i < k— 1). 

Since these partition results do not appear to be well known, we include 
them with the aim of bringing them to the attention of a wider audience. 
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2. Constant term results 
We begin by recalling the following results pQ, pp. 35-36. 
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Lemma 1. If 
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denotes the Gaussian polynomial defined by 



o, 



then 
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Upon letting N — > oo we get 
(2.2) 



3=0 

1 



(_l)jVgj(j-l)/2 



(9; ?)j 



(*;?) 



E Co-. 



x — (9; q)j ' 



The above identities are all special cases of the g-analog of the binomial 
series due to Cauchy [TT] : 



(2.3) 
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n=0 



(a;g) n z n (az;q) 

c 

(g;g) n (z;<?)o< 



|s| < 1, \q\ < 1. 



We also use the following identity, which is a special case of Ramanujan's 
It/jl summation formula, and can be found in ,2j: 

00 



(2.4) 



E 



{ _ irq n(n-l)/2 t n g^g/f, g)^- g) Q 



{b;q) n (&/*;?)oo(&;?)oo 

Note that the special case 6 = gives the Jacobi triple product identity: 



(2.5) 



E (-l)V ( "- 1)/2 * n = (t;?)oo(g/t; 9)00(9; 9)00. 



We now use these results to prove some transformations which will later be 
used to derive some new identities of the Rogers- Ramanuj an type. Theorem 
^was motivated in part by Andrews proofs in [2] of eight identities due to 
Rogers (EDI and jUJ). 
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Theorem 1. Let a, b, 7 and q £ C, \q\ < 1. Then 

(26) y (a;g)ng" ( "- 1)/2 7" _ (-7; 9)00 y (-«7/b; g)ng" ( "- 1)/2 (-b) w 

(b;q) n (q;q) n (b;q) 00 _ n (. 7) 9jn 

^ (gjgjng^-^/V , , ^ ( _ 07) n g n(n-l) 
I 2 - 7 ) /> 7 \ = (-7; gjoo > 7 r-p v-, 



(2-8) E 



(a^Jng^" 1 )/^" _ (-7;, 

n=0 



(-a7;^)n(g;g)n (-07; 9)00' 

^, n n-l)/2yi ^ °o^ q 2n ' 2 - n j 

(2 ' 9) ±S (7;9 2 )„(i;9)n = fr:?)^ ±s "FiTX 



(2 . 10) f ; <-;<7»; - ' 



ir :0 (jq;q 2 )n{q 2 ;q 2 )n (79;9 2 )oo^ (9i9)n 



- 9^-"(-7)" _ 1 ^ g" 2 - 2 "(- 7 )" 

^(7/9;9 2 )n(9 2 ;9 2 )n (7/9;9 2 )oo^ (g;g)„ 

°° n(n-l)/2 n j °° 2n 2 -n 2n 

(2 12) — — = - - - 

^ (7; q)n{q; q)n (7; 9)oo ^ (9 2 ! 9 2 )n ' 

Remark: The identity at (|2.6[) is due to Ramanujan in the form 
(2.13) 

^ (6 g )j(- c /b) J . gJ -b--D/2 ^ ( Qg)J( _ c/Q) j(j-i)/2 

p£ i.q)j(-aq)j (q)j{-bq)j 

This identity is found in Ramanujan's lost notebook |18| and a proof can be 
found in the recent book by Andrews and Berndt 5 . However, we wish to 
give an independent proof. 

Proof. The transformations below from infinite series to infinite products 
and back are the result of using (|2.3|) and (|2.4|) . unless stated otherwise. 
We now prove l|2.6|h We assume below that \ j\ < \z\. 



, „ (b;q) n (q;q)n 



oo 



coeff . of ,o ,„ E { -m T rf--^ f, («;*U7/z)' 



(&;?)« (?;?)r 
ff f o- 9)00 (-9/2; 9)00 (9; 9)00 (07/^9)00 
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(-b/- 2 ; 9)oo(o; 9)00 (7/z; g) c 
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„ r o- q)oo{-q/z;q)oo{q;q)oo {a'y/z;q) 0O (-7; q) x 

coeff. 01 z m 



(l/z;q)oo (-7; q)oo {-b/z;q)oo (b;q) 



oc 

m 



coeff . of ,o in f. aw^; £> (-«7/M) m (-v=) 



(-7;g)n ^ (?;?)r 



x (-7;g)oo 
(&; 9)00 

_ (-7;g)oo y (-«7/^;g)ng w( "- 1)/2 (-fc)^ 
( 6 ;?)oo ~ (-7;g)n(g;g)n 

The identity at (|2.7|) follows from (|2.6[) . upon letting b — > and Q2.8[) upon 
letting 6 = —07 in (|2.6j) . 

We next prove (|2.9|l . Note that (|2.2j) . rather than H2.3|) . is used for some 
series-product transformations in this case, as is the case in the proof of 
(t2~TUl) . 

00 3n(n-l)/2 n 
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n=0 
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oo 
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We next prove 1)2.12 

oo 

E 



^ g n(n-l)/2 7 n 

„^ (7;g)n(?;9)n 
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coeff. of z m — — — 

{-J/z; 9)00(7; q)oo {j/z;q)oo 

coeff. of z° in g)°° 1 

(7;q)oo ((7A) 2 ;9 2 )oo 
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1X3 q2n 2 -n^2n 



E 
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□ 



As regards identities of the Rogers-Ramanujan type, what each of these 
transformations imply is that if one side has a product representation for 
particular values of the parameters, then so does the other side. Indeed 
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several identities on Slater's list can be derived from other identities in this 
way. We do not pursue that here, instead using Theorem ^ to prove some 
identities of the Roger s-Ramanuj an type, which we believe to be new. In all 
cases we assume \q\ < 1. 



Corollary 1. 



Y^{-l) n {q;q 2 ) n q n2+2n _ (q 6 ;q 6 )oo 



Proof. We use the following identity (Identity (28) from Slater's list): 

( 2i4) T t- q2 > q2 ^ qn2+n - (-g;g 6 )oo(-g 5 ;g 6 )oo(g 6 ;g 6 )oo(-g 2 ;g 2 )c 
^ (q;qhn+i (<? 2 ;g 2 )oo 

In (|2.fi|) . replace q by q 2 and let a = q, b = —q 2 and 7 = — q 3 . Then 

(-l) w (g;g 2 )»g n2+2w = (q;q 2 )nq n2 - n (-q 3 r 
teW)" t< (-q 2 ;q 2 Uq 2 ;q 2 )n 
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n=0 

X> (-q 2 ;q 2 U n2+n (q;q 2 ' 



00 
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{-q;q & )oc{-q b ]q & )oo{q 6 ]q 6 )oo{-q 2 ;q 2 )oo (q;q 2 )oo fbv 



(q 2 ;q 2 )oo {-q 2 \q T 
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Corollary 2. 



□ 
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,2.^ ^ ( _ g;(? 2 )oo 



(-g 2 ;g 2 )ng r ' 



(g;g)2n+i (<?;<? : 



00 



n=0 

Proof. In (|2.8j) . replace q by g 2 and set a = —q 2 and 7 = q. 

~ (-rV)n^ 2 1 ^ (-g 2 ;g 2 )„g" 2 



1 (-g;g 2 )oo (-g;g 2 ) c 



1- g (q 3 ;q 2 )oo (g;g 2 )oo 

Corollary 3. 

(-l;g)2ng" 2+ " _ {-q 3 ;q & )Uq^q & )oo{-q 2 ;q 2 )c 

2-^1 ( n 2. n 2\ f„2.„4^ ( n 2. n 2\ 



□ 



;i :0 (q 2 ;q 2 )n(q 2 ;q A ) n (q 2 ;q joo 
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Proof. We use the following identity ((25) from Slater's list, with q replaced 
by -q): 

y (-i) w g w W)n _ (-g 3 ; g 6 ) 2 ^ 6 ; g 6 )oo(g; g 2 )oo 

1 ) ^ (q 4 ;q 4 )n (q 2 ;q 2 )oo 

In (|2.K[) . replace g by g 2 and set a = —1, b = q and 7 = g 2 . Then 

^ {-l;q)2nq n2+n 
^ Q (q 2 ;q 2 )n(q 2 ;q% 



-i;g 2 )n(-g;g 2 )ng Tt2+n 
(q 2 ;q 2 )n(q;q 2 )n(-q;q 2 )n 

y (-l;q 2 )nq n2 - n (q 2 ) n 

^ (q;q 2 )n{q 2 ;q 2 )n 

y> (-i)"g" 2 (g;g 2 )n (-g 2 ;g 2 )oo 
^ {-q 2 ;q 2 )n{q 2 ;q 2 ) n (g;g 2 )co 



(-1)"9"W)„ (-<jV)oo 



(<? >? )oo W 9 )00 

The result now follows. □ 

Corollary 4. 



(2.16) £ 



n=0 



(q 2 ;q 2 )n " (g 2 ;g 8 )oo(g 3 ;g 8 )oo(g 7 ;g 8 )oo' 



Proof. In Q2.7|) replace (7 by g 2 and set a = —q and 7 = q 2 . Then 

~ q n* + n { _ q . q 2 )n _ ™ ( _ g;g2)ra ^-n (g 2 r 

00 /„3\ra„2n 2 -27i 



; _ (-g 2 ;<? 2 )n(g 2 ;<? 2 )r 



(-<zV)oo£ 



(g3\n/g4\n(n-l)/2 



(-gVU-sV) 



(g 2 ;g 8 )oo(g 3 ;g 8 )oo(g 7 ;g 8 )c 



□ 
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We had initially thought this identity was new, since we had not seen it 
explicitly in print, but it follows easily as a special case of Corollary 2.7 on 
page 21 of p. We include it here because apparently the partition inter- 
pretations of this identity and another identity (see below) are not widely 
known. 

This identity is interesting for a number of reasons. Firstly, it is clearly a 
companion identity to the Gollnitz-Gordon identities: 



Secondly, in identities of the Rogers- Ramanuj an type, it is usual for the 
powers of q in the product side to occur in pairs that sum to the modulus 
or to be exactly half the modulus. The Gollnitz-Gordon identities illustrate 
this nicely: the modulus is 8 and the powers of q are (1,4,7) and (3,4,5). 
However the identity at (|2.16l) breaks this pattern with its powers being 
(2,3,7) (although still summing to 12). 

Partition identities corresponding to (|2.17|) and H2.18|) were given by 
Gollnitz and Gordon |14| . independently. 

Theorem 2. {Theorem 2 in j!4j ) The number of partitions of any positive 
integer n into parts = 1,4 or 7( mod 8) is equal to the number of partitions 
of the form 

n = ni + n 2 + . . . n k , 
where > ni + i + 2, and n{ > rij+i + 3, if is even (1 < i < k — 1). 

Theorem 3. (Theorem 3 in ^I]) The number of partitions of any positive 
integer n into parts = 3,4 or 5( mod 8) is equal to the number of partitions 
of the form 

n = m + n 2 + . . . n k , 
satisfying n k > 3, in addition to the conditions of Theorem^ 

We next prove a partition identity deriving from 1)2.16(1 . This partition 
result is apparently not well known, as it, and another result below, are 
rarely mentioned, despite being on the same level as the Gollnitz-Gordon 
identities. 

Theorem 4. The number of partitions of any positive integer n into parts 
= 2,3 or 7( mod 8) is equal to the number of partitions of the form 



where > nj+i + 2, and > nj + i + 3, if is odd (1 < i < k — 1), and 



(2.17) 




(2.18) 




n = ni + n 2 + . . . n k , 



n k ^ 2. 
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Proof. The proof follows similar lines to that given by Gordon in ^1] for the 
partition identities corresponding to (|2.17j) and 1)2. 18J) . 
In this paper, Gordon considered the continued fraction 

F(a, q ):=l + a q+ ^ ^ 



1 + aq 3 + 1 + aq 5 + 1 + aq 7 + 
and showed that the numerators converged to 

' q n2 a n (-q;q 2 ) n 



n=0 > n 

We have replaced Gordon's x with q to be consistent with our present no- 
tation. If we set a = q above, then we get that P(q, q) equals the left side 
of (|2.16|) . Let P v (q) = P v denote the v-th numerator convergent of 

,; i ^ 7 

9 Q Q Q 

l + q 2 + 1 



1 + g 4 + 1 + q 6 + 1 + q 8 + • • • ' 

It is clear that P = 1 + q 2 , Pi = 1 + q 2 + q 3 + q A + q 6 and 

(2.19) P v = (1 + q 2v+2 )P v -! + q 2v+1 P 2v -2, v > 2. 

Let c v (n) denote the number of partitions of n of the form 

n = ni + n 2 + ... n k , 

where rii > th+i + 2, and n, > n, + i + 3, if is odd (1 < i < k — 1), > 2 
and m < 2v + 2. For ease of notation, we call these partitions of type v. Set 

oo 

S v (q) = J2^)q n . 

n=0 

If it can be shown that S v (q) = P v (q) for all non-negative integers v, 
then it will follow that P(q, q) is the generating function for the number of 
partitions of n of the form 

n = rii + n 2 + ... rtfe, 

where rii > ^i+i + 2, and rij > n^+i + 3, if n« is odd (1 < i < — 1), and 
n fc > 2. The theorem will then be true by (|2. 16|) . 

It is easy to check that S v (q) = P v {q) holds for v = 0, 1, so that all 
that is necessary is to show that S v (q) satisfies the same recurrence relation 
as P v (q), namely (|2.19|) . Upon substituting the corresponding series into 
(|2.19|) . it becomes apparent that this is equivalent to showing that 

c v (n) = c v -i(n) + Ou-xin - 2v - 2) + c„_ 2 (n - 2v — 1). 

It is not difficult to see that c v -i{n) equals the number of partitions of type 
v with m < 2v, that c v -\{n — 2v — 2) equals the number of partitions of 
type v with n\ = 2v + 2 and that c v -2{n — 2v — 1) equals the number of 
partitions of type v with ri\ = 2v + 1. The result now follows. □ 



SOME MORE IDENTITIES OF THE ROGERS- RAMANU JAN TYPE 11 

Andrew Sills drew our attention to another "companion" identity, namely 



(2.20) £f a+ "(-V 9 ;A_ 



„ .,, (g 2 ;g 2 )n " (g;g 8 )oc(g 5 ;g 8 )oo(g 6 ;g 8 )oo' 

Sills pointed out that this analytic identity also has an interpretation in 
terms of partitions, which also does not appear to be widely known. We 
state it here for the purpose of making it more widely known. 

Theorem 5. The number of partitions of any positive integer n into parts 
= 1,5 or 6( mod 8) is equal to the number of partitions of the form 

n = m + n 2 + ■ ■ ■ n k , 

where n{ > n^i + 2, and rtj > n^+i + 3, if ni is odd (1 < % < A; — 1). 

Corollary 5. 

(-q;q 2 ) n q n2+n 1 



(2-21) 



n=0 



(g; qhn+i (g; g 4 )oo(g 2 ; g 4 )oo(g 3 ; g 4 )oo ' 



Proof. In (|2.H|) let a = — q and 7 = g 2 . Then 

(-g; q 2 ) n q n2+n = 1 (~g; g 2 )ng n2 ' n (g 2 ) w 

^ (g;g) 2 „+i 1 -1^ (q 3 ;q 2 )n{q 2 ;q 2 )n 

1 (-g 2 ;g 2 )oo 
1 - g (g 3 ;g 2 )oo 
1 



(g;g 4 )oo(g 2 ;g 4 )oo(g 3 ; l 



' 4 )oo' 



Corollary 6. 

OC 



x „(3n 2 +3n)/2 



n=0 



(g; g 2 )„+i(g; q) n (g; g 2 )oo(g 4 ; g 10 )oo(g 6 ; g 10 )c 



Proof. In (gSll let 7 = g 3 . Then 

~ q (3n 2 +3n)/2 j_ ~ g (3n 2 -3n)/2( g 3)n 

^ (g;g 2 )n+i(g;g)n l ~ ( i~ / (g 3 ;g 2 )n(g;g)n 

1 1 gg 2n2 - n (g 3 ) n 



1 - g (g 3 ;g 2 )oo ^ (g 2 ;g 2 )n 



(g;g 2 )oo(g 4 ;g 10 )oo(g 6 ;g 10 )c 



□ 



□ 



The last equality follows from the second Roger s-Ramanuj an identity 
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3. Identities of the Rogers-Ramanujan type via Watson's 

Theorem 

An r cj) s basic hypergeometric series is denned by 

d, ci2, ■ ■ ■ , a r 
k,...,b s ,q,X 

y> (a 1 ;q) n (a 2 ;q) n ...(g r ;q) n /0_ 1 ^ g n(r l -l)/2y +1 ~ r , 

for \q\ < 1. 

Watson's theorem is the following. 

Theorem 6. 

/ 3 ^ , ( _ a, q^/a, -qVa, b, c, d, e, q~ n _ a 2 q n+2 
87 \y/a, -\/a, aq/b, aq/c, aq/d, aq/e, aq n+1 ' ' bcde 

(aq) n {aq/de) n / aq/bc,d,e,q~ n . 
(aq/d) n (aq/e) n m \aq/b,aq/c,deq- n /a' 9 ' ' ' 

where n is a non-negative integer. 

We will use some parts of the following obvious corollary later. 
Corollary 7. 

1 - aq 2r )(a) r (b) r (c) r (d) r (e) r (-a 2 /bcde) r q r(r-W+2r 



r>0 



(1 - a)(aq/b) r (aq/c) r (aq/d) r (aq/e) r {q) r 



(aq) 00 (aq/de) 00 ^ (aq/bc) r (d) r (e) r (aq/de) r . __ 



(aq/d) 00 (aq/e) 00 (aq/b) r (aq/c) r (q) 
(3-3) £ 



r>0 

1 - ag 2f -)(a) r (c) r (d) r (e) r (a 2 /c(ie) r ^(r-i)+2r 



r>0 



(1 - a)(aq/c)r(aq/d) r (aq/e) r (q) r 



(aq) 00 (aq/de) 00 ^ (d) r (e) r (aq/de) r . __ 



{aq/d) 00 {aq/e) 00 ^ (aq/c) r (q) 



(3.4) V ( 1 - Q g 2r )( a )-( c )'-( e V ("« 2 /ce) r 



r>0 



(1 - a)(ag/c) r (ag/e) r (g) r 

= t — r^— > 1-^—, — rr . in, b, d -> oo in (|5T|) ) 

NAOoo ^ {.q)r(aq/c) r 

Watson [23| used his transformation in his proof of the Rogers-Ramanujan 
identities (jl.lj) . 

Several other identities on Slater's list can be derived from other identities 
on the list, using special cases of Watson's transformation, but we do not 
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pursue that here either, instead once again using these transformations to 
prove identities which we believe to be new. 

Corollary 8. Let c £ C. Then 

(3.5) ± (i- cq n^- q u-c)w 2 = {(?q . g2)oo(c; qU 

Proof. We make use of the following result of Lebesgue (see P, page 21): 

°° (a; q) n q n( - n+1 ^ 2 
(3-6) V ' " — r = (aq;q 2 )oo(-q;q)oo- 

For ease of notation we write (|3.4|) as 

1 - V)(i4) r (C) r (£;) r (-A 2 /CE)' ,s.-(r-i)/2+2r 



r>0 



(l-A)(^/C) r (^/E) P (?) t 



{MU ^(E) r (-Aq/E) r q r< - r - 1)/2 



(Aq/E)^ ^ (g)r(^/C) r 



If we replace C by —c/a and set A = c and £7 = — c/b in (|3.4jl . we get 
that 

v (l - cg 2r )( _ c/Q)r( _ c/6)r(c)r ( _ Qb) r g 3r(r-l)/2+2r 
l ' J 4o (l"C)(-a«)r(-6g)r(g)r 

_ (cg)oo Y (bgy{-c/b) jq iV-W 
(~^)oo^ (?)j(-a?)i 

Now set 6=1 and let a — > to get that 

(1 _ cg 2, )( _ c)r(c)r( _ crg 2^ (cg)oo (g) j ( _ c) . gJ -Q--l)/2 

^ (l-c)(-g) r ( ff ) r (-9)oc^ 

(l-c g 2 Q(c 2 ; g 2 ) r (-c)V- 2 (c)^ (-c) 3 - gig+gg 

4z (<? 2 ;<z 2 ), (-9)00^ 

= 7^^(-«?;(? 2 )oo(-g;g)oo(by ») 
= (c 2 g 2 ;g 4 )oo(c;g 2 )oo- 
The result is now immediate upon replacing q 2 by q. □ 
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Corollary 9. Let a, b and q £ C satisfy \q\ < min{|6|, 1}. Then 
(l+aq r )(a 2 ;q)r(b;q) r (-a/b) r q^ +i y 2 



(3-8) £ 



(a 2 q/b;q) r (q;q) r 

(-a; q)oc(a 2 q; q 2 )oo(aq/b; q)^ 
(a 2 q/b;q)oo 

Proof. We will use Bailey's identity [5]: 

g\ {a;q)n(b;g)n / g\ " _ (ag; q 2 )oo(-q; g)oo{ag 2 /b 2 ; q 2 )^ 

'" ^ (aq/b;q) n (q;q) n \ b) (aq/b;q) 00 (-q/b;q) 00 

In (|3.3|) replace a by —a, set c = —b, d = a and e = 6, so that (|3.3|) becomes 
(1 W)(-<>)r(-l>)r«r(!>)r (-a/f> 2 ) V<'-'>+ 2 ' 



E 



u (1 + a)(aq/b) r (-q) r (-aq/b)r(q) r 



(-aq) 00 (-q/b) 00 sr^ (a) r (b) r (-q/b) 



E 



(-9)oo(-ag/6)oo ^ (aq/b) r (q) r 
and the result now follows from (|3,9|) . after replacing 6 2 by 6 and q 2 by o. □ 

We next derive another transformation from (|3.2|) . which we will use be- 
low. Replace 6 by —a/b and d by —a/d, so that 

^ (1 - a)(-bq)r(aq/c)r(-dq)r{aq/e) r (q) r 

_ (aq)oo{-dq/e) 00 ^ (-bq/c) r (-a/d) r (e) r (-dq/e) r 



(-dq)oo(aq/e) OD ^ (-bq) r (aq/c) r (q) 



Now let a — > to get 

^ (-bq)r{-dq) r {q) r 

{-dq/ e)oo ^ (-bq/c) r (e) r (-dq/e) 



{c) r {e) r (-bd/ce) r q r(r-l)/2+2r 



Y 

\~dq)oo ~ (-bq) r (q)r 

Next let e — ► oo and we have that 

( C ) r (6d/cf g Kr-D+2r _ 1 ( _fr g/c)r (rf g )r g r(r-l)/2 

4o (~ b< l)r(-dq)r(q)r " (-dg)oo ^ (-^)r(?)f 
Corollary 10. 

m „, g 2 "W)n ^ (g^g%(gW)oc 

1 " j ^ (-g;g 2 )n(g 4 ;o 4 )n (gW)co " 
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Remark: This is a companion identity to number (27) on Slater's list, 
with q replaced by — q: 

^ Q {-T,q 2 )n{q^q A )n (<zW)co 

Proof. We first apply (|3.12|) . with q replaced by q 2 , c = q, b = 1/q and 
d=l. 

^ q 2 "W)n _ q^^(l/q 2 r(q; q 2 ) n 



„ :0 q 2 )n(q 4 ; q A )n ^ (-?; g 2 )«(-g 2 ; q 2 ) n (q 2 ; q 2 ) 



I (-l ;g 2 )r? r(r+l) 



(-g 2 ;« 2 )oo {-q;q 2 )r(q 2 ;q 2 )r 

(-q;q 2 ) r q r{r+1) 



— Y 



)r 



{-q;q 2 )oo ^ (-g 2 ;g 2 ) r (<7 2 ; 

(q 2 ;q 2 )oo 

For the third equality we used ()2.6j) . with g replaced by g 2 , a = — 1, b = — q 
and 7 = q 2 . For the last equality, we used Identity (25) on Slater's list: 

£ (-<z;<z 2 )r« r(r+1) _ (^;g%teV)oo(-g;<z 2 )oc 



(-q 2 ;q 2 )Aq 2 ;q 2 )r (<? 2 ;<?V 



□ 



4. The Method of q-Difference Equations 

The transformations used in previous sections do not appear to be ap- 
plicable to the following identity, nor the one in Theorem |H] in the next 
section. 

Theorem 7. Let \q\ < 1. Then 

(-i) n q n2+2n (q; q 2 )n (-<?; q 5 U(-q 4 ; q'Uiq 5 ; s 5 )oo(s; q'U 



„ „ (-q;q 2 ) n (q 4 ;q% (q 2 ;q 2 )oo 

Remark: This identity is clearly a companion to Identity (21) on Slater's 
list: 

u?] y (-i) n g n2 (g;q 2 )n _ (-g 3 ; g 5 )oo(-g 2 ; g 5 )oc(g 5 ; g 5 )oo(g; g 2 )oo 

l ' J ^ Q (-q;q 2 )n(q 4 ;q% (gW)oc 

To prove (|4.1|1 . we use the method of (/-difference equations described by 
Andrews in [2] and used extensively by Sills in [2*3] . 
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The proof of a "Series S = Product II" identity by this method involves 
finding two representations for a sequence of polynomials in q, P n (the 
"fermionic" representation) and Q n (the "bosonic" representation) such that 



lim P n 



and 



lim Q n 

n— too 



n. 



In addition, it needs to be shown (since it is almost always not obvious) 
that P n = Q n for all non-negative integers n, this being attained by showing 
that P n and Q n satisfy the same (/-difference equation and are equal for as 
many initial values as are required by the (/-difference equation. These facts 
taken together imply that E = II. Note that determining a possible form 
for Q n usually involves intelligent guesswork and numerical computations to 
check the conjectured form - there is no algorithm that will automatically 
generate Q n for a particular identity. We think the derivation of Q n is also 
of interest in this case, so we include some details of this, as well as showing 
that the derived Q n is actually the correct one. 

We now describe certain polynomials which will be used to construct the 
Q n for the identity in Theorem [7| (see the paper by Sill's [23], pp. 6-10, for 
more on these and similar polynomials). Recall the (/-binomial coefficients 
defined in Lemma ^ 

L 

T (L,A;q) := £(-1)' 
r=0 
L 



(4.3) 



Ti(L,A;q) 
U(L,A;q) 



r=0 



L 




' 2L-2r ' 


r 




L- A-r 




q 2 




L 




' 2L-2r ' 


r 


q 2 


L - A-r 



T (L,A;q)+T {L,A + l,q). 
The following recurrences can be found in 0]. For L > 1, 
(4.4) 

T (L, A; q) := T (L - 1, A - 1; q) + q L+A T\(L - 1, A; q), 

+ q^+^T (L-l,A + l;q), 

T x (L, A; q) - q L - A T (L, A; q) - T t (L, A + l;q) 

+ q L+A+1 T (L,A+l;q)=0. 

The following relation can be found in the paper of Andrews [Hj. For L > 1, 

(4.5) U(L, A;q) = (l + q + q 2L - l )U{L - 1, A; q) - qU(L - 2, A; q) 

+ q 2L - 2A T (L -2,A-2;q)+ q 2L+2A+2 T (L — 2,A + 3;q). 
It is clear from the definitions that 

(4.6) T (L,A;q)=T (L,-A;q), 

T 1 (L,A;q)=T 1 (L,-A;q). 
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The following limit is also found in [I]. 



(4.7) lim U(L,A,q) - ., ., 

Next, we recall a result of Bailey ( 9 , p. 220): 
(4.8) 



CO 



-z q,-z q 



— 2 3 A A\ / 2 3 —2 4 4\ / —1 \ 

" )9 ,? )oo + 2(-zY,-2 Q,q ;q )oo = {-z,-z q,q\q)oo- 



Finally, we also recall Abel's lemma (|2H|> P a g e 57): 
Lemma 2. //lim n ^ 00 a n = L, then 



lim (1 - t) a nt n = L. 

n=0 



Proof of Theorem^ We will show (replacing q by —q in Theorem EI) that 

oo 



— ^ 2+2n (-9;9 2 )n 



o tes 2 )n(<z 4 ;<z 4 ) 



(^; -g 5 )oo(-? 4 ; -g 5 )oo(-g 5 ; -g 5 )oo(-g;g 2 )oo = . n 



(<7 2 ;<? 2 ^ 



loc 



Define /(t) by 

f(t,q) :=E 



t n q n2+2n (-tq,q 2 ) 



„ :0 (*<?; q 2 )n(-tq 2 ; q 2 ) n (t; q 2 )n+l 

and define the polynomials P n = P n (q) by 

00 

(4.9) /(*,?) =:£>nt n . 

By construction, limt_ > i_(l — t)f(t,q) = S and hence, by Abel's lemma, 

lim P n = E. 

n— >oo 

We next find a recurrence relation for the P n . 

00 



t n q n2+2n (-tq,q 2 ) 



„ q 2 )n(-tq 2 ; q 2 ) n (t; q 2 )n+i 



1 00 



t n q n2+2n (-tq,q 2 ) r 



^ (tq;q 2 )n(-tq 2 ;q 2 )„(t;q 2 ) n+ i 

p+l g (n+l) 2 +2(n+l) ( _^ )(? 2 )n+i 



Q (^;g 2 ) n+ i(-tg 2 ;g 2 ) n+ i(t;g 2 ) n+2 



1 tg 3 (l + tg) ^ (tg 2 )"g" 2 + 2 "(-tg 3 ,g 2 ) n 

1 - t + (1 - tg)(l + tg 2 )(l - t) ^ (tqt; q 2 ) n (-tq^ q 2 ) n (tq 2 ; q 2 ) n+1 
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1 . tq 3 (l + tq) 2 

Upon clearing denominators, substituting from (|4.9j) and comparing like 
powers of t, we have that Pq = 1, Pi = 1 + q 3 , P2 = 1 + q 3 + 2q 4 + q s and, 
for n > 3, 

(4.10) P n = (l + q-q 2 + q 2n+1 )Pn-l+q(-l+q+q 2 +q 2n - 1 )Pn-2-q 3 Pn-3- 

We next find a sequence of polynomials Q n such that P n = Q n , for all 
n > 0, and lim^^co Q n = n. In the general case, finding a conjectured 
form for Q n involves intelligent guesswork (based on knowledge of what 
lirrin^oo Q n should be) and some form of "successive approximation" by 
binomial coefficients, the To-, T\-, U functions, or other similar functions. 
Once a conjectured form for Q n has been found, it remains to prove that 
the conjectured form is the correct one. 

We are fortunate in the present case that Sills has found the bosonic 
representation for the partner identity at (|4,2j) above (with q replaced by 



Q n = (-l) j q Wj +j U(n,5j;q)+q 2 £ (-l)V° j +9j U(n, 5j + 2; q). 

j=—oo j=—oo 

That Q n above tends to the left side of (j4.2j) (with q replaced by —q) 
follows from (|4.7|) . the Jacobi triple product identity (|2.f>jl and finally Bailey's 
identity (|4.8|) (with q replaced by — q 5 and z = q 2 ). 

This suggests that we try Q n of the form 

Qn — 

00 

(-l) j q 10j2+3j U(n + a, 5j + b; q) +q \-\y q ^ 2 +^U{n + a, 5j + c; q), 

j=-oo 

with a, b and c to be determined (It can easily be seen that Q n tends to the 
right side of (|4.1|) . for all integers a, b and c, by the same reasoning used 
immediately above, taking z = q 4 in Bailey's identity (|4.8I) ). To determine 
a, b and c we compute, say, P5 using ()4.10|) and then use Mathematica to 
check P5 — Q5 for a range of values of a, b and c. We find that a = 1, 
6 = and c = 3 appear to work (P5 — Q5 = 0, for these values). Thus our 
conjecture is 
00 

Qn = E (-iyq 10f+3j U(n + l,5j;q) + q 4 (-iy q 1 ^ +13 ^U(n + l,5j+3;q). 

j=-oo 

One easily checks that P n = Q n for n = 0, 1, 2. It remains to show that Qn 
satisfies the recurrence at (|4,1U[) . We need to show that the left side in the 
first equation below is identically zero. 

Q n - (1 + q - q 2 + q 2n+1 )Q n -l ~ q(-l + q + q 2 + q^Qn^ + q 3 Qn-3 
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oo / 

= £ (-iyq 10 ^x (V(n+l,5j;g)-(l+g-g 2 + g 2 "+>(n,5j;g) 
j=—oo 

- g(-l + g + q 2 + q^pin - 1, 5j; g) + q 3 U(n - 2, 5j; q) 
+ q \-iy q Wj2+13j x (u(n + 1, 5j + 3; q) 

_(l + 9 _ g 2 + g 2n+l )c/(n)5i + 3;g) 
- q {-l + q + q 2 + q 2n ^)U(n - 1, 5j + 3; g) + g 3 *7(n - 2, 5j + 3; q) 



= J2 (-l) j q 10j2+3j X 
j=-oo 

([U(n + 1, 5j; g) - (1 + g + q 2n+1 )U(n, 5j; g) + g*7(n - 1, 5j; g)] 
+ g 2 [f/(n, 5j; g) - (1 + g + g 2 "" 1 ^ (n - 1, 5j; g) + g*7(n - 2, 5j; g)] 

+ (-l + g)g 2n C/(n-l,5i;g)^ 

+ g 4(_l)^10 J 2 +13 J ' x 

([U(n + 1, 5j + 3; g) - (1 + g + q 2n+1 )U(n, 5j + 3; g) + gC/(n - 1, 5j + 3; g)] 
+ q 2 [U(n, 5j + 3; g) - (1 + g + q 2n ^)U(n - 1, 5j + 3; g) 
+ g*7(n - 2, 5j + 3; g)] + (-1 + q ) q 2n U(n - 1, 5j + 3; g)) 

oo 

= (-l) j q 10j2+3j X 

j=-oo 

([q 2n+2 -^T (n - 1, 5j - 2, g) + g 2 "+ 2 +^+ 2 T (n - 1, 5j + 3)] 
+ g 2 [g 2 "- 1 ^T (n - 2, 5j - 2, g) + q 2n+10 ^ 2 T (n - 2, 5j + 3)] 

+ (-l + g)g 2n t/(n-l,5j;g)) 

+ g 4(_l)^10 J 2 +13. x 

A g2n+2 -10,-6 To(n _ 1; 5j + Xj g) + g 2n + 2 + 10, + 8 To(n _ ^ gj . + 

+ g 2 [g 2 ^ 10 ^ 6 T (n - 2, 5j + 1, g) + g 2n+10 ^ 8 T (n - 2, 5j + 6)] 

+ (-l + g)g 2n C/(n-l,5i + 3;g)Y 
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The last identity follows from 1)4.5(1 . Thus, after cancelling a factor of 
q 2n , proving that Q n satisfies the stated recurrence relation comes down to 
showing that 



(1-q) ]T (-iyq 10 ^U(n-l,5j ] q)+q i (-iyq 10 ^ +1 ^U(n-l,5j+3 ] q) 

j=-oo 
oo , 

= (-l) J q l0j2+3j U 2 ~ 10j T (n-l,5j -2,q) + q 10 ^T (n-l,5j +3) 
j=-oo 

+ q 2 -^T {n - 2, 5j - 2, g) + q 10j+4 T (n - 2, 5j + 3)) 
+ 9 4 (-l) J V° j2+13i [q- W] - 4 T Q (n - 1, 5j + 1, g) + g 10j ' +10 T (n - 1, 5j + 6) 
+ q-^- 4 T (n - 2, 5j + 1, g) + g 10 ^ 10 T (n - 2, 5j + 6)) 

OO / 

j=-oo 

+ q 10 i 2 - 7 i +2 T (n - 2, 5j -2,q) + q 10 ^ +1 ^ +A T (n - 2, 5j + 3)) 
+ (q Wp+Zj T Q (n - 1, 5j + 1, q) + q 10 ^ +2 ^ +u T (n - 1, 5j + 6) 
+ g 10 ^+^T (n - 2, 5j + 1, g) + q w ^ +23 ^ u T Q (n - 2, 5j + 6)) 

OO / 

= E (-!)''( -« 10i3+13 ^^^ 

j=-oo 

- g 10 ^ +13 ^ 5 ro(n - 2, 5j + 3, g) + g 10 ^+ 13 ^ 4 T (n - 2, 5j + 3)) 
+ (-l) j (q 10j2+3j T (n - 1, 5j + 1, q) - q w ^ +1 T (n - 1, 5j + 1) 

+ q 10 ^T (n - 2, 5j + 1, q) - q 10 ^ +1 T (n - 2, 5j + 1)) . 



The last equality follows upon replacing j by j + 1 in the first and third 
sums, and replacing j by j — 1 in the sixth and eighth sums. Hence (after 
cancelling a factor of 1 — g) what is needed is to show that 



(-iy q Wj2+3j U(n - 1, 5j; q) + (-l)V°^+ 13 ^ +4 ?7(n " 1, 5j + 3; q) 

j=-oo 
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= E U 0f+13j+ 'T (n - 1, 5j + 3) + g 1( ^+ 13 ^ 4 To(n - 2, 5j + 3)) 

j=—oo ^ ' 

+ ^ 10j2+3i ?o(n - 1, 5j + l,q)+ g 10 ^T (n - 2, 5j + 1, g)) . 

Alternatively, after substituting for U(n — 1, 5j; g) and f7(n — 1, 5j + 3; q) 
from (|4.3jl . we see that what remains is to show that 

oo 

(-l)V° J ' 2+3 Wn - 1, 5j, q) - T (n - 2, 5j + 1)) 



j=~oo 

V?" 10j 2 +13j+4/ 



+ (_1)V UJ +i ^ +4 (T (n - 1, 5j + 4, g) - T (n - 2, 5j + 3)) = 0, 
or, upon replacing n with n + 1, that 



J2 (-l)V° i3+3i (2b(n, 5j, g) - T (n - 1, 5j + 1)) 

j=-oo 

+ (-iyg 10 ^+^+ 4 (ro(n, 5j + 4, g) - T (n - 1, 5j + 3)) = 0. 



We now show that this does indeed hold. 

oo 

(-l)y°^(T (n,5j,g) - T (n - l,5j + 1)) 

3—— °° 

+ (-l)ig^ 2 + 13 i+ 4 (T (n, 5j + 4, g) - T (n - 1, 5j + 3)) 



= (-l) J g 10i2 ~ 3j (To(n,5j,g)-T (n-l,5j-l)) 

3=-cc 

+ (-l)^^ 2 + 13 ^ 4 (T (n, 5j + 4, g) - T (n - 1, 5j + 3)) 

oo 

= ^ (-ljV '' 3 - 3 ^ 6 ^ 

J=-oo 

(_ 1 )i g 10i 2 +13j+4^n+5i+4 ri(n _ ^ gj . + 4) g ) + ^+^'+8^ _ ^ 5 j + 5)) 

00 

= g" ^ (-l)V 0i2+2i m(n-l,5i,g) + g"+^ro(n-l,5i + l)) 

j=—oo 

+ (-lyq^+^+^in - 1, 5j + 4, g) + g n+5 ^ +4 T (n - 1, 5j + 5)) 

oo 

= q n E (-l)^ 10j2+2i m(n-l,5i,g)+g^T (n-l,5j + l)) 

j=-oa 

_ (-lyy^+^n - l,5j + l,g) + q n -^- l T {n - l,5j)) 
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j=-oo 



£ (-iy q W 2 + 2 i (Txin - 1, 5j, q) + q n ^T (n - 1, 5j + 1) 
- Tx(n - 1, 5j + !,<?)- ^-^'-^0(71 - 1, 5j)) 



0. 



The first equality follows from 1)4.6)1 and replacing j by — j in the first two 
sums; the second equality follows from the first relation at 1)4.4)1 : the fourth 
equality follows upon applying 1)4.6 J) to the third and fourth sums and then 
replacing j by — j — 1; the last equality follows from the second relation at 
(OJ). □ 

Remarks: 1) We mention in passing that Andrew Sills has created a 
Maple package, "RRtools", which automates much of the process involved 
in searching for the bosonic representations Q n (see |24j). 

2) Once the conjectured form for Q n had been found, Zeilberger's al- 
gorithm, as implemented in the Mathematica packages developed by Axel 
Riese (see and ^H]), could have been used to find a recurrence for Q n 
(hopefully the minimal recurrence, thereby showing that Q n satisfies the 
recurrence at 1)4.10)1 ). However, this method, although extremely effective, 
lacks transparency for those not familiar with it and we preferred to prove 
our result as we did. 

5. Miscellaneous Methods 

The final identity which the present investigations uncovered is the fol- 
lowing: 



Theorem 8. Let \q\ < 1. Then 

00 



q ^+3n)/2 { _ q . q)n _ {q 10. q 10- 
in: n 2 )„ , 1 1 

n=0 



CO 



(<?; Q 2 )n+i(q; g) n +i (<?; <?)oo(g; g 2 )oc(-<? 3 , -<? 4 , -<? 6 , -<? 7 ; <? 10 ) 



We were unable to apply the methods of the previous sections to this 
identity and had to rely for its proof on two fairly recent results. 

The first of these is an Identity of Blecksmith, Brillhart and Gerst jlO) (a 
proof is also given in ^2] ) : 



(5.2) E * ~ E 1^ = 2 1- 



(sW,?WWW 7 ;s 20 )oo 



If we replace q by — q and apply the Jacobi triple product identity to the 

left side, ()5.2|) may be re- written as 

(5.3) 

( f A 6 „10.„10\ 

( 5 5 10 10\ _ / 2 2\ _ 2a [Q ,q ,Q ,Q )o ° 

[q,q,q ,q )oo [q, q, ?, q )oo 2q _ g7 . gl0)oo( g 8> q 12. q 20 )oo • 
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The second is the following identity, proved by Sills 

00 n n(n+l)/2( i.„\ (J> n 5 „10. „10\ 
Q (-!■•'/)/< _ (</ • '/ • '/ -<l K 



(q;q) n (q;q 2 )n (q;q)oo{q;q 2 ^ 



n=0 



1 00 



Quite remarkably, (|5.4|) does not appear on Slater's list and its first appear- 
ance in print appears to be in |25j . 

Proof of Theorem^ 

™ q (n* + 3n)/2 { _ q . q)n _ j « g (n + l)(n + 2)/2 (_ 1; ^ 

^(g;g 2 ) n+ i(g;g) n+ i (g;g 2 ) n+ i(g;g) n+ i 
_ 1 /» g n(n + D/2 ( _ 1;g)w \ 

2( ? \^ (9;9 2 )n(9;?)n / 

1 ((^WWU^) (byQ) 



2g V (q;q)oo(q;q 2 ) 



2q(q;q) 00 (q;q 2 ) 



' ((<7 5 , 9 5 , 9 10 ; 9 10 )oo - (q; q 2 )oo(q; q 2 )oo(q 2 ; q 2 )oo) 



DC 



/ 4 6 o 10.„10\ 

19 ' 9 ' 9 ' 9 jo ° (by (El) 



(9; «)oo(g; g 2 )oo(-g 3 , -g 7 ; g 10 )oo(g 8 , q 12 ; a 20 ) 

(g 10 ;g 10 )oo 

(q; q)oo(q; q 2 )oo{-q 3 , -q 4 , -<? 6 , -q 7 ; g 10 )oo ' 

□ 



6. Concluding Remarks 

The proof of Theorem [7| is quite long, even if it essentially involves just 
several re-indexing of series and using known identities. For quite a long 
time we were convinced that there must exist another general transforma- 
tion of the type found in Theorem ^ or in Watson's theorem (see (|M.1J) ). a 
transformation which would give the result in Theorem Q as a special case 
for particular values of its parameters. 

One reason we thought this transformation had to exist was the appear- 
ance of the {—q; q 5 )oc(—q 4 ', q 5 )oo(q 5 ', q 5 )oo term on the product side, which 
can be represented as an infinite series via the Jacobi triple product. This in 
turn brought to mind Watson's proof of the Roger s-Ramanuj an identities, 
where he showed that these followed as special cases of (|3.1jl . 

However, we could not find such a transformation, but possibly our search 
was incomplete. Does the identity in Theorem follow as a special case of 
some known transformation, perhaps some known transformation between 
basic hypergeometric series? Is this identity a special case of some as yet 
undiscovered general transformation? 
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In a subsequent paper we will give finite forms of the identities in sections 
12 and 01 We will also examine the dual identities that can be derived from 
these finite forms. 
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